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This paper shows that the steady-state heat conduction problem for ec- 
centric cylinders with a boundary condition of the third kind on one of 
them can be reduced to the finite-difference solution of the equations. 
Graphs of the temperature distribution for the ease of a plane and cyl- 
inder, where the surface of the plane cools down in accordance with 
Newton's law, are given. 

Some s t e a d y - s t a t e  p r o b I e m s  of heat  conduct ion  
theory  r e d u c e  to a so lu t ion  of the Laplace  equation 

O~u +" O~'u = 0 in D (1) 
Ox 2 Og ~ 

The l ines fl = cons t  a r e  the a r c s  of c i r c l e s  pas s ing  

through points  x = + c 

C~ 
x ~ + (y - -  c ctg ~)~ (6) 

sin, i ~ �9 

The l ines  a = eons t  a re  c i r c l e s  or thogonal  to them 

c 2 
(x - -  c cth a) ~ + y~ = (7) 

sh ~ a 

The Laplace  opera to r  and the s q u a r e  of the l inear  
e l emen t  a r e  wr i t t en  in the fo rm:  

with the bounda ry  condit ion 

au 
- -  + hul r = f (p), (2)  
On 

where  h, is a pos i t ive  constant ;  f(p)  is  a p r e s c r i b e d  

funct ion.  
In the  genera l  case  the bounda ry  condi t ions  (2) do 

not allow effect ive use  of the method of eonformal  
mapp ing  for  the solut ion of the p rob lem.  

However,  we can d i s t ingu i sh  a c lass  of reg ions  for 
which af ter  t r a n s f o r m a t i o n  to a c i r c l e  the p r o b l e m  
reduces  to the solut ion of ce r ta in  equat ions by the 
method of f in i te  d i f fe rences  [5]. Severa l  phys ica l ly  
i n t e r e s t i n g  p r o b l e m s  can be  solved by us ing  a l i nea r  

f r ac t iona l  t r a n s f o r m a t i o n  [ 1 ] 

W =  a ~ + b  (3) 
c ~ + d '  

where  ~ : p e x p i 0 ; a ,  b, c, d a r e  p a r a m e t e r s .  
The spec ia l  f ea tu re  of t r a n s f o r m a t i o n  (3) is that 

the modulus  of the de r iva t i ve  of the image  funct ion 
is a lso a r a t i ona l  f r ac t iona l  function 

d d •  = lad - cb I 
' (4) 

where  ~ - p exp ( - i0) ;  this enables  us  to reduce  some 
of the p r o b l e m s  (1), (2) to the so lu t ion  of s e c o n d - o r d e r  

l i nea r  d i f fe rence  equat ions .  

1. STATEMENT OF PROBLEM AND REDUCTION TO 
F I N I T E - D I F F E R E N C E  EQUATION 

We cons ide r  a s y s t e m  of b ipo la r  coord ina tes  (ce ; /3), 
connected with the C a r t e s i a n  coord ina tes  (x, y) by the 

by the r e l a t i onsh ip  [2} 

x + i y = c t h a + i ~ ,  - - o o < a < :  + o ~ ,  
2 - - z ~ < ~ . . <  + n. (5) 

A r =  (che~ +_c_os~)= I O=T O=T ~ . 
c ~ ~Ou--q~+ 0 ~ ] '  

ds ~ c ~(da ~ + dp~) 
(ch a + cos ~)* 

(8) 

P r o b l e m  1. To find the s t eady - s t a t e  t e m p e r a t u r e  
d i s t r ibu t ion  be tween  two inf in i te  e c c e n t r i c  cy l inde r s ,  
one of which (the i nne r  one ,  oz = o~) is ma in ta ined  at 
cons tant  t e m p e r a t u r e ,  while  the su r f ace  of the outer  
cy l inder  ta = ~ )  r ad ia t e s  heat accord ing  to Newton ' s  
law (for a p lane  a l  = 0, Fig. 1). 

In the se lec ted  coordina te  s y s t e m  the p rob lem r e -  
duces  to the  solut ion of the  equation 

02T _ a l < a < ao, 0~T + = O, (9) 
0a~ ~-~ - ~ < p  < + ~  

with boundary  condit ions 

OT c ha + c os l ~  q_hTl  = 0 ,  - - r ~ < l ~ < q - ~ ;  (10) 

Tin=no = To, - -  z "--<- [3 -..< + r~, (11) 

where  h is a pos i t ive  constant .  
We seek the solut ion of p rob lem (9)-(11)  in the 

f o r m  

r(~; ~) = r o + ~  (~ - %)+ 

co 

+ ~ ,  Cn sh n (a - -  %) cos n I~. (12) 

Subst i tu t ing (12) in the boundary  condit ions (10) 
and in t roduc ing  the symbol  

Bn=(-- l )nnCnchn(ao--al) ,  n =  1, 2, 3 . . . . .  (13) 

we obtain equat ions for the coeff icients  B n 

B n + ' + B n - t ~ { 2 c h a t + 2 h c t h n ( a - o - - a d }  B n ' n  

n =  l, 2, 3 . . . .  (14) 
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Fig. 1. Cy l ind r i ca l  tLtbe bur ied  in ground.  
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Fig.  2. T e m p e r a t u r e  as a function of y/c at x = 0 (To is the 

tube t e m p e r a t u r e ) :  1) hc = 0 .5 ;  2) 1; 3) 2. 
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Fig. 3. T e m p e r a t u r e  as funct ion of y/c at x = 0 (Q is the 
heat flux f rom tube) (1-3  as in Fig.  2).  
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with  condi t ions  : 

Bo [ch ul + hc(ao '--aO]--B[ = 2hcT o, (15) 

Bn ~ O ,  n.-~ o0. (16) 

If the  so lu t ion  of equat ions  (14 ) - (16 )  is  found, the  
t e m p e r a t u r e  d i s t r i b u t i o n  on the  s u r f a c e  of the  ou te r  
c y l i n d e r  is  d e t e r m i n e d  f r o m  the  f o r m u l a  

TI . . . .  = To-- {-~ (ao--a,) + 

n~l 

P r o b l e m  2. To find the  s t e a d y - s t a t e  t e m p e r a t u r e  
d i s t r i b u t i o n  be tween  two e c c e n t r i c  c y l i n d e r s  if a un i -  
f o r m l y  d i s t r i b u t e d  hea t  f lux Q a r r i v e s  f r o m  the  s u r -  
f a ce  of the  inner  c y l i n d e r  (~ = ~0), wh i l e  t he  ou te r  
c y l i n d e r  (o~ = oq) r a d i a t e s  hea t  a c c o r d i n g  to N e w t o n ' s  
law. The  t e m p e r a t u r e  of the  e x t e r n a l  m e d i u m  is ze ro .  

Tab le  1 

Solut ion of Eq. (14) fo r  Case  ~1 = 0, c~0 = 1, 
hc = 1, P0 = 0, R0 = 1, C 1 = 1.190618 

n Yn Pn Rn 

1 
2 
3 
4 
5 
6 
7 
8 
9 

l0 

3.52318 
2.96402 
2.66336 
2.49966 
2.39996 
2.33334 
2.28571 
2.25000 
2.22222 
2.20000 

1.00000 
3.52318 
9.44278 

21.62634 
44.6157 
85.4496 

154.7673 
268.304 
448.917 
729.288 

0.32020I 
0.128128 
0.0595714 
0.0305320 
0.0167482 
0.00966315 
0.00579942 
0:00359264 
0.00228402 
0.00148295 

The  p r o b l e m  r e d u c e s  to the  so lu t ion  of the  equation 

O~T 02T al < a < no, 
oct ~ +013~-- = 0 ,  - a  < p <  + ~ ,  (18)  

with b o u n d a r y  condi t ions  

OT cha ._cosr +hT '-4- 8 = 0 ,  - - n - . < ~ + n ,  (19) 
0 a  C a~a~ 

0 f  =a ._  Q sh% , - - a . . < ~ i - . < §  (20) 
0 a n K 2ch a 0 + 2 cos 

w h e r e  K is  the  t h e r m a l  conduct iv i ty ,  Q is  the  hea t  
f lux in unit t i m e  p e r  unit  length,  and h is  a p o s i t i v e  
cons tant .  

We s e l e c t  a s p e c i a l  so lu t ion  of the  p r o b l e m  {18), 
(20) in the  f o r m  [2] 

T = T 1 + T v (21) 

w h e r e  

(22) 

~x K ( 2 

+ ~ (--l)"exp{--na~ ~ n (a :  ~ a~) cos n~ .} 

n=l 

Then,  to d e t e r m i n e  T 2 we have  the  equa t ions :  

OT2[ 
AT 2 = 0 i n D ;  ~ n l  . . . .  = 0 ;  
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OT2 a=~, = OTI i 
+ T '  - O n  

(23') 

We  s e e k  the  so lu t ion  of p r o b l e m  (23) in the  f o r m  

= Q-~-- / A~ [~}. (24) T2 (u; 6) n K [ 2 + ~ An ch n (a - -  %) cos n 
n=l 

Subs t i tu t ing  (24), (22), and (21) in the  b o u n d a r y  
condi t ions  and in t roduc ing  the  symbo l  

M.=(--1)n+lnAnshn(ao--%), n= l, 2, 3 . . . . .  (25) 

we  obta in  equat ions  fo r  the  coef f i c ien t s  M n 

Mn+ l + Mn_ 1 = { 2cha 1 + 
% 

+ 2hc cth (a-~ } Mn--bn (26) 

with condi t ions  

M0----0 and Mn oO, n-+ ~, (27) 

w h e r e  

bn=an+a+an_l--2Chalan, n =  1, 2, 3, . . .  ; 

e x p { - - n a o }  
an -- ch n ( % "  a~)' n = 0, 1, 2, 3 . . . . .  (28) 

The  coef f ic ien t  A 0 is d e t e r m i n e d  f rom the  condi t ion 

hcAo = ch I~ 1 - -  a, - -  M v (2 9) 

If the  so lu t ion  of Eqs.  
the  t e m p e r a t u r e  d i s t r i b u t i o n  on the  ou te r  c y l i n d e r  
can b e  w r i t t e n  in the  f o r m  

r _ Q /Ao 

+ ~ (--1)n§176 
n j 

n~l 

(26), (27), and (29) is found, 

(30) 

2. SOLUTION OF EQUATIONS IN FINITE D I F F E R -  
ENCES 

We c o n s i d e r  the  p o s s i b l e  so lu t ions  of Eq. (14), 
which we w r i t e  in the  f o r m  

Bn+l+Bn- l=YnBn,  n =  I, 2, 3, . . .  , (31) 

w h e r e  

Yn = 2chal  + 2hc th n (% - -  C ~ I )  

n 

As fol lows f r o m  the  t h e o r y  of cont inued f r a c t i o n s  
[4], two l i n e a r l y  independent  so lu t ions  of Eq. (31) can 
be  r e p r e s e n t e d  as  the  n u m e r a t o r  and d e n o m i n a t o r  of 
the  n - t h  conve rgen t  f r a c t i o n  

Pn+1 _ ,  1 1 y~ - - ,  n = 1, 2, 3 . . . . .  (32) 
Qn+1 ~/,., Y, 

The  n u m b e r s  Pn can be  ob ta ined  f r o m  the  equat ion 

Pn+l . -~ -Pn_ l -~-~nPn ,  n =  1, 2, 3 . . . .  (33) 
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T a b l e  2 

S o l u t i o n  of Eq .  (26) f o r  C a s e o q  = 0; G 0 = 1, he  = 1, P0 = 0, 

Ro = i ,  MO = 0 

n Yn Pn Rn bn Mn 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

4.62608 
3.03732 
2.66998 
2.50034 
2.40004 
2.33333 
2.28571 
2.25000 
2.22222 
2.20000 

1.O0000 
4.62608 

13.05088 
30.21951 
62.5081 

119.8024 
217.0304 
376.266 
629.568 

1022.773 

0.235984 
0.0916843 
0.0424913 
0.0217659 
0.0119308 
0.00686848 
0.00409564 
0.00249296 
0.00151352 
0.00087041 

0.55917 
0.17140 
0.026752 
0.0036946 
0.00050142 
0.00006788 
0.000009188l 
0.0000012433 
0.0000001683 

0.148893 
0.129625 
0.0734212 
0.0369549 
0.0220346 
0.0127277 
0.00759544 
0.00462405 
0.00280744 
0.00161454 

and t h e  "initial" conditions 

T h e n  

Po = O; P I = I .  (34) 

R 2 :  Y1; Pa = YI % -  I; P4 = YiY~Ya - - Y l  - -Ya . . . .  (35) 

F o r  Yn g i v e n  b y  e x p r e s s i o n s  (31) o r  (26) t h e  n u m -  

b e r s  P n  a r e  a m o n o t o n i c a l l y  and  i n d e f i n i t e l y  i n c r e a s -  

ing  s e q u e n c e  of n u m b e r s  [4] .  
To  c o n s t r u c t  t h e  m o n o t o n i c a l l y  d e c r e a s i n g ,  z e r o -  

b o u n d e d  s e q u e n c e  of n u m b e r s  R n s a t i s f y i n g  t h e  e q u a -  

t i o n  

if  

R n + I + R , - , = Y n R n ,  n =  1, 2, 3 . . . .  (36) 

R~---> O, n ~ co, (37) 

w e  u s e  t h e  m a i n  p r o p e r t i e s  of l i n e a r  e q u a t i o n s  in  
f i n i t e  d i f f e r e n c e s  [3] .  W e  m u l t i p l y  E q s .  (33) and  (36) 

b y  R n and  P n ,  r e s p e c t i v e l y ,  and  s u b s t r a c t  o n e  f r o m  
t h e  o t h e r .  A f t e r  t r a n s f o r m a t i o n s  w e  o b t a i n  

f r o m  whi  oh 

i R,, Pn = Pn+lRn - -  Rn~lPn = 
[Rn+l Pn+J~ 

= PnR,,-1 - -  RnP,,-1 = const = 1, 

( ~  R,,., R. 
Pn~ I Pn - -  

(38) 

= R n + ~ P . - - P n + , R ~  __ 1 ( 3 9 )  

P~P~ + ~ P,,Pn + 1 

or* 

& I 
Rn = P~ } '  

k=n~ PkPk+" 
(40) 

F r o m  (40) w e  h a v e  

R 0 =  1; R n - ~ 0 ,  n ~  oo. (41) 

*It is  e a s y  to s h o w  t h a t  t h e  n u m b e r s  R n d i f f e r  b y  a 

c o n s t a n t  f a c t o r  in t h e  c a s e  of d i f f e r e n t  " i n i t i a l "  c o n -  

d i t i o n s  ( 3 4 ) f o r  Pn" 

T h u s ,  t h e  g e n e r a l  s o l u t i o n  of Eq. (31) c a n  b e  w r i t -  

t e n  in t h e  f o r m  

B n = C 1 R n + C 2 P n ,  n = 0 ,  1, 2, . . . ,  (42) 

w h e r e  C 1 a n d  C 2 a r e  a r b i t r a r y  c o n s t a n t s .  

~K T 

/.O / / 

0.6 _.__._. ~ . ~ . ~  

0.0 ~ /  

O.g i 
~grr q~Tr o.6~r o.or~ 

F i g .  4 .  T e m p e r a t u r e  d i s t r i b u t i o n  

o n  s u r f a c e  of  t u b e  (Q is  t he  h e a t  

f lux  f r o m  the  t u b e ) :  1) h c  = 0.5;  
2) 1; 3) 2; 4) oo. 

F r o m  t h e  c o n d i t i o n  of b o u n d e d n e s s  of t h e  n u m b e r s  

B n w e  m u s t  pu t  C 2 = 0 and  t h e n  w e  h a v e  

B n = C 1 R n ,  n = 0 ,  1, 2, . . . .  (43) 

S u b s t i t u t i n g  (43) i n to  c o n d i t i o n  (15),  we o b t a i n  

2hcT~ (44) 

R 0 [ch {~l-~hc (a 0 - -  (~1)] - -  R1 
C1 

o r ,  f i n a l l y ,  

B n = 
2hcToR~ 

R0 [ch % + hc ( n o - -  al)] - - R I '  

n = O ,  l, 2 , . . . .  (45) 

T a b l e  1 g i v e s  t h e  v a l u e s  of t h e  n u m b e r s  Tn, Pn ,  

and  Rn  f o r  t h e  c a s e  a s = 0 ; ~0 = 1 ; hc  = 1.  
F i g u r e  2 s h o w s  g r a p h s  of t h e  t e m p e r a t u r e  d i s t r i -  

b u t i o n  on  t h e  p l a n e  (~1 = 0) f o r  c a s e s  ~ = 1 ; hc  = 0 . 5 ;  

hc  = 1 ;  hc  = 2 .  
As  f o l l o w s  f r o m  (26),  t h e  s o l u t i o n  of p r o b l e m  2 r e -  

d u c e s  to  t h e  s o l u t i o n  of t h e  e q u a t i o n  

M n + l + M n _ l = % M n - - b , ~ ,  n =  l, 2, 3 . . . .  (46) 
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with the  condi t ions  

M 0 = 0 ;  Mn-~0,  n ~ o o ,  

w h e r e  

(47) 

~/, = 2ch aa q- 2hc cth n (a0 - -  al), 
n 

n =  1, 2, 3 . . . . .  (48) 

The  g e n e r a l  so lu t ion  of Eq. (46) can b e  w r i t t e n  in 
the  f o r m  [3] 

M, -~ M n + CIRri + C~Pn, (49) 

w h e r e  R n and Pn a r e  the  so lu t ions  of the  c o r r e s p o n d -  
ing homogeneous  equat ion;  C 1 and C 2 a r e  a r b i t r a r y  
cons t an t s ;  M n is a s p e c i a l  so lu t ion  of the  i n h o m o g e n e -  
ous equat ion.  

The  so lu t ions  of R n and Pn can be  c o n s t r u c t e d  s i m -  
i l a r l y  to (35), (40) f rom the  n u m b e r s  (48). To con -  
s t r u c t  a s p e c i a l  so lu t ion  we can use  the  method  of 
v a r i a t i o n  of cons tan t s  [3] 

M,, = Q (n) R,, + C~ (n) P,,. (50) 

A f t e r  s i m p l e  t r a n s f o r m a t i o n s  we obta in  

cl (n) = ~w b~p~; c, (n) = ~ b ~ .  (51) 
k =  I k = n +  1 

The  so lu t ion  of Eq. (46) wi th  condi t ions  (47) can 
f ina l ly  be  w r i t t e n  in the  f o r m  

Mn= Rn ~ b~Pk + ~ bkR k. (52) 
k =  1 k = n +  1 

T a b l e  2 g ives  the  va lues  of the  n u m b e r s  Yn; Pn; 
R n ; b n ; M  n for  the  c a s e  s 1= 0 ; s 0 =  1 ; h c  = 1. 

F i g u r e  3 shows g raphs  of the  t e m p e r a t u r e  d i s t r i -  
but ion on the  p l a n e  (s 1 = 0) fo r  c a s e s  s0 = 1 ; hc = 0 . 5  ; 

hc = 1 ; hc = 2. F i g u r e  4 shows g r a p h s  of the  t e m p e r a -  
t u r e  d i s t r i b u t i o n  on the  tube s u r f a c e  (~ = s0 = 1) for  
c a s e s s ~  = 0 ; h c  = 0 . 5 ; h c  = 1 ; h c  = 2. 
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